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Graph reduction by local variation

The joys/frustrations of graph data

In the graph world, data come in large sizes

• Wikipedia has 45 million articles

• Facebook has 721 million active users

Great news! 

• Space is an issue
• storage and retrieval is tedious 
• can’t fit in memory 

• Computationally 
• Unsupervised algorithms typically super-linear (e.g., clustering, embedding) 
• Even linear algorithms cannot be used repeatedly (e.g., this makes training GCN a frustrating task)

• Deriving meaning from large graphs is hard.

… if only …



A common solution:

a) Instead of solving the original (large) problem, solve a similar simpler problem; 

b) Refine the solution (if needed)

To simplify graphs, we can either use

a) Sparsification: reduce the #edges M

• spanners, cut and spectral sparsifiers [Spielman & Teng 2011, Koutis et al 2011]

• Solve SDD linear systems 

b) Reduction: reduce the #vertices N, as well as M
• Graph coarsening, Kron reduction
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How to simplify graphs



Coarsening is frequently used to make code scalable:

• Long list of algorithms use it for partitioning and visualizing large graphs. 
• [Hendrickson and Leland 1995; Karypis and Vipin 1998; Wang et al. How to partition a billion-node 

graph, 2014].

• Common way to create multi-scale representations of graph-structured data. 
• Coarse-grained diffusion maps [Lafon and Lee 2006], multi-scale wavelets [Gavish et al. 2010] and 

pyramids [Shuman et al. 2016].

• It as a component of graph convolutional networks (GCN) analogous to pooling. 

• [Bruna et al. 2014; Defferrard et al. 2016, Bronstein et al. 2017].

• It is used for solving linear systems on graphs.
• Multigrid first adapted to graphs by [Koutis et al. 2011] and [Livne and Brandt 2012]

• Extensions for Fiedler vector [Urschel et al. 2014; Gandhi 2016] and regression [Colley et al. 2017]
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A brief history of coarsening
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The elephant in the room

Obviously, we are losing information. 

Coarsening even few vertices may deform the graph structure, 
severely affecting the efficacy of graph algorithms.



Today’s menu

a) Study a generic graph reduction scheme

b) Introduce restricted similarity, a measure for graph approximation
• Inspired by spectral sparsifiers
• Strong implications for spectrum and unsupervised learning (partitioning, clustering, and node 

embedding)

c) Coarsening algorithms that maximize restricted similarity
• Non-heuristically defined
• Nearly-linear computational complexity

d) It works in practice 
• Almost as fast as the fastest coarsening algorithm
• Approximate the spectrum of real graphs 2x-5x better than best known algorithms.
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Graph reduction and coarsening
Basics and restricted similarity
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A generic graph reduction scheme
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Graph coarsening as a special case

contraction set
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Toy coarsening example

contraction set
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Benefits of multilevel coarsening

…
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Basic properties
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A different perspective: restricted similarity
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Implications: spectrum is preserved
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Implications: good cuts are preserved
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Implications: good multi-way cuts are preserved
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Implications: spectral clustering works
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Implications: spectral clustering works



Local variation algorithms
Finally, something practical
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Idea
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Example algorithms



Visual & numerical results
It works!
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Yeast PPI network: edge-based local variation

Graph reduction by local variation

G = G0 G1 Gc =G2 



Yeast PPI network: neighborhood-based local variation
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G = G0 Gc =G1 



Minnesota network: edge-based local variation
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G = G0 G1 Gc =G2 



Minnesota network: neighborhood-based local variation
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G = G0 Gc =G1 



Focusing on U10

• Up to 70% reduction feasible, results consistent for larger k
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Restricted similarity experiment

Yeast PPI Minnesota network



Average eigenvalue error for first 40 eigenvalues

• Same trends as previous experiment

• On average 2.6x/3.9x smaller error compared to the second best method (w/wo Kron)
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Spectrum approximation experiment



• Almost as fast as naïve heavy-edge matching

Graph reduction by local variation

Scalability experiment



State of the art

• Graph reduction is commonly used in modern graph processing pipelines (METIS, GEPHI). 

• Nevertheless, convincing analysis/algorithms is lacking.

Contributions

• Study a generic reduction scheme, featuring coarsening as a special case.

• Strong spectral and cut guarantees.

• Analysis holds for multiple levels of reduction.

• First non-heuristic algorithms for graph coarsening.

Open questions

• Lower bounds: what are the limits of reduction?

• Algorithms: how close can we achieve this limit in nearly-linear time?
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Summary



Extra slides
Details are important
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