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Study of association in epidemiology/ clinical research

o General setting
o Data: Y,xe€IR?
o Objective: estimate B, e.g. under a logistic model:
logit[P(Y =1)] =xTp*.
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Study of association in epidemiology/ clinical research

o General setting
o Data: YV, xecR?
o Objective: estimate B, e.g. under a logistic model:
logit[P(Y =1)] =xTp*.

o Subgroup analyses
o The overall population = K predefined groups (or strata)
o groups based on “additional” covariates (e.g., gender, age
categories)
o groups based on the outcome (e.g., disease subtypes)
o Objective: estimate (B))r—1,. x: association between x and Y in
group k
= to identify heterogeneities across the groups
= to improve prediction accuracy
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Example 1 : Linear regression on stratified data
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Example 2 : Case-control studies with multiple subtypes of disease

(Ballout, Garcia and V., submitted)

0 ~ Multinomial logistic regression
o Ye{0o1,...,K}
o Y =0: control
o Y =k >0: case, of subtype k.

o Example : K breast cancer histological subtypes (e.g., based on
ER/PR status).

= No natural order among the subtypes

P(Y =kX=x)\ ..
10g<IP(Y:O|X:x)>_X B
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Example 3 : matched case-control studies (Balout, Garcia and V., submitted)

o Same as before, but for each case, one matched control
o m = n/2 pairs of observations, (x}, Y7, Z/))—1*

o one case, i.e. V! =1

o one matched control, i.e. Y2 =0
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Example 3 : matched case-control studies (Balout, Garcia and V., submitted)

o Same as before, but for each case, one matched control
o m = n/2 pairs of observations, (x}, Y7, Z/))—1*

o one case, i.e. V! =1
o one matched control, ie. Y2 =0
o Z] = k: subtype of the case

o The global study: K sub-studies
@ m, pairs: Subtype 1 BC Vs Control
@ m, pairs: Subtype 2 BC Vs Control

Q ..
@ my pairs: Subtype K BC Vs Control
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Example 3 : matched case-control studies (Balout, Garcia and V., submitted)

o Same as before, but for each case, one matched control

o m = n/2 pairs of observations, (x/, Y/, Z/ )ijQ,m
o omne case, i.e. Y =1
o one matched control, i.e. Y? =0
o Z! = k: subtype of the case

o The global study: K sub-studies
@ my pairs: Subtype 1 BC Vs Control = 3]
@ m, pairs: Subtype 2 BC Vs Control = 33

Q ..
@ my pairs: Subtype K BC Vs Control = B}
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Example 4 : K binary graphical models (sattout and V., Statist. Med., 2019)

o Association among
injuries suffered by
victims of road
accidents

o groups: ~ road
user type
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Example 1 : Linear regression on stratified data

—_————
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o for each covariate: to identify the structure of its effects across

the strata
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Matrix formulation of the model

We have
Y=Xb* +§
with
" X1 0 0
1 *
Y 0 X2 '
y — . , x — , b* —
0 0 XK P

which are elements of R™, IR"*"? and IR"7?,
where n = Y & | my.
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Oracle procedure (p=1)

b* = (B7,...,B%) € RE, with

o Br=0
o B3
o By =... =Bk
x1 0 0
0o Xx@ .. !
Y= , | +¢
0 0 XX P
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Oracle procedure (p=1)

o b* =(B},...,B%) € R, with

o [,’)’{:O
° B3
o Bi=...=PB%
0 0
x® 0
_ o x® 2
Y= S )+ €&
. 22
0 X (K)

o Oracle procedure: by taking advantage of the homogeneity,

o reduced complexity: better estimation accuracy

o greater prediction accuracy
o greater power to detect 35 # p*

Conclusion
o
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Penalized criteria

_ Yy _x (), |2
(Bi,...,Bx) € (Ef,gl?éﬁ) {Z “ o el +pen(By, ..., Bx)

Aim: To achieve a trade-off between

o goodness-of-fit

o match with the expected structure among vectors fz:
o Sparsity: each B} is sparse
o Homogeneity: for some (k,k’,7), By ; = By ;
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Existing approaches. .. (1/2)

o Group-lasso, trace-norm:

o ok for prediction error,
o but not well suited for the identification of partitions

o CEEDEEERTENEETD (Gertheiss et Tutz, 2012, V. et al. 2016):

o oracular properties (adaptive version) when Kp is fixed (n — o0);
o what about Kp — 00?
o implementation is “not easy” (extensions to other models, etc.)
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Existing approaches. .. (2/2)

o Standard approaches in epidemiology

o either estimation on each stratum “independently”,
o or selection of one reference stratum + interaction tests
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Existing approaches. .. (2/2)

o Standard approaches in epidemiology

o either estimation on each stratum “independently”,
o or selection of one reference stratum + interaction tests

o RefLasso with » =3 : B = B3+ v}, avec y§ =0,

Y(* By +y
Z ” s Y5 Ly iggll + 3 Aasllvalls

2n
k#£3
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Existing approaches. .. (2/2)

o Standard approaches in epidemiology

o either estimation on each stratum “independently”,
o or selection of one reference stratum + interaction tests

o RefLasso with » =3 : B = B3+ v}, avec y5 =0,

vy (k [3 +v
Z I s vl +7\1H[53||1+Z}\2,k”y}c”1

2n
k#£3

Z [y (%) Bk“z AL +Z7‘2»k
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RefLasso as a Star-Fused Lasso; example with 7 = 3

2 kz3IBrg — Bayl

Alcool Alcoo

Tabac

Gene
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RefLasso: influence of the reference group

Reference r = 3

2 kz3IBrj — Bayl
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RefLasso: influence of the reference group

Data Shared Lasso
000
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ReflLasso = Rank 1 matrix + sparse matrix decomposition

Bi B2 B3 Ba
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ReflLasso = Rank 1 matrix + sparse matrix decomposition

B1 B2 Bz Ba B1 Y1 Y2 Y3 VY4

C=15 Cr=4+7=11
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ReflLasso = Rank 1 matrix + sparse matrix decomposition

B1 B2 Bz Ba 11 Y1 Y2 Y3 VYa

C=15 C*=3+5=9
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Over-parametrized decomposition of the B}’s
o Consider the over-parametrization

(p*)YI) . )y*K) S ]R'(KJrl)p tq: BZ = H* —i—YZ
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Over-parametrized decomposition of the B}’s

o Consider the over-parametrization

(u*)YTa <. )yﬂi{) € ]R'(KJrl)p tq: BZ = H* +Yz

o Particular constraints:
o u* =0, independent estimations: complexity > . ||B%|lo
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Over-parametrized decomposition of the B}’s
o Consider the over-parametrization
4 K+1 . A *
(0¥ Vi) e REFYP 4q: B = p* + v}

o Particular constraints:

p* = 0,: independent estimations: complexity ) K IIB k||o
° yl = Op' reference stratum: p* = B7 and v; = B} —
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Over-parametrized decomposition of the B}’s
o Consider the over-parametrization
(05 ¥Ey - Yi) e RETDP tq: B =u* +vj

o Particular constraints:

p* = 0,: independent estimations: complexity ) K IIB k||o
° yl = Op' reference stratum: p* = B7 and v; = B} —

o Complexity : [|Billo + X IBx — Billo-

17/32



Introduction Data Shared Lasso Applications Conclusion

00000 €00 00 o
0000000000 00000 00000

Over-parametrized decomposition of the B}’s
o Consider the over-parametrization
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Over-parametrized decomposition of the B}’s
o Consider the over-parametrization

(05Y5, . vi) e RETVP tq: Br=p"+7vj

o Particular constraints:

p* = 0,: independent estimations: complexity ) K IIB k||o
° yl = Op' reference stratum: p* = B7 and v; = B} —

o Complexity : [|B1llo + > [[Bx — Billo-
= generally sub-optimal
o Optimal constraint: u* = ;. where

H:*,j = mode(0, BI,]') Sy B;{,j) = B:]*,j

ie. such that {||u*|lo + >, [|B% — 1|0} is minimized.
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Data Shared Lasso

(Ollier and V., Biometrika, 2017), Gross and Tibshirani (CSDA, 2016)

o Objective: to mimic this "oracle".

K
S YR — X (14 y,) 113
P 2n

+ Al D Azgllvills
k
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Data Shared Lasso

o Objective: to mimic this "oracle".

or, equivalently:

Y (k) _ x (k)
Z ” BB |l 4+ 3 Aaell B — il

k

ﬁj = min,, {)\1|m| + Zk }\Q,k‘gk,j - m|}
= WSmedian(fS\l,j, cey BK,]‘)
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Implementation

o Set yi = By — M, Tk = A2 x/A1, and introduce

(1)
xXW X= 0 H
: . : AERg!
() x5
X 0 o TKYx

which belong to R™*(K+1)P and R(K+1)P, respectively.
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Implementation

o Set vr =By —

Xo =

Data Shared Lasso Applications Conclusion

ooe [e]e} o
00000 00000

W, Tx = A2 /A1, and introduce

(1)
X .0 H
) . T1Y1
: : and ©Og = .
0 X (K)
TK TKYK

which belong to IR?*(X+1)P and IRK+1)P respectively.

o Data Shared Lasso minimizes

Z Y )

u+y
4t + Y Agelve .
k
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Implementation

o Set yr = B — WU, Tt = A2,x/A1, and introduce

xv XX H
. . 1Y
xo — : : . . : and 90 —
(K) X (K)
X 0 — S

which belong to IR?*(K+1)P and IR(K+1)P | respectively.

o Data Shared Lasso minimizes

1Y — X002
2n

Implementation: straightforward, under a variety of models
(GLMs, survival models, ...)

+ A1]/80|1-
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RefLasso: given one reference stratum (for each 7)

o Let r = (ry,...,7) be one vector, indicating the reference
stratum for each j.

1. example 1 : r = (
2. example 2: r=7r* = (r{,..., )
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RefLasso: given one reference stratum (for each 7)

o Let r = (ry,...,7) be one vector, indicating the reference
stratum for each j.

1. example 1 : r =(1,...,1)
2. example 2: r =71 =(r{,...,7,)
o Consider the decomposition B = ;. + v} , with

— *

%k
© Hpj =P j

* Q% *
OYT,k_Bk_uT
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RefLasso: given one reference stratum (for each 7)

o Let r = (ry,...,7) be one vector, indicating the reference
stratum for each j.
1. example 1 : r =(1,...,1)

2. example 2: r =71 =(r{,...,7,)

o Consider the decomposition B = puj + Y, x with
) uj_j = ;J*‘j
° Yy =Br—ur
o HEstimation of these parameters can be obtained by minimizing

K
Al + 3 Azl

k=1

K
3 Y% —X®) (u+v,)|13
P 2n

under the constraints v,, ; = 0 for all j € [p]
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o Recall vy = By — 1, Tk = A2 x/M

x (1)
Xm X2 0 H
. . . T1Y1
xo = : : . . : al‘ld eo = .
(K) X (K)
X 0 Tk TKYK

qui appartiennent & IR™* (K+1)P ef R(K+1)p,

o Data Shared Lasso (AutoRefLasso), AprioriRefLasso (r chosen a
priori) et OracleRefLasso (r = r* optimal) all minimize

9 —X0|]3

A11|©
o +A1]|0]]1

for one particular choice "X C Xo".

Unified framework to study and compare them (and implement
thent)
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Irrepresentability conditions (oitier and v., Biometrika, 2017)
fe L gk T T T\T K
© A priori: 0, = (U7, 1Y, - - ,TKYi,K) € IR#P,
. 0% _ T T T \T K
o Oracle: 0. = (MUpi, T1 Vi 1y TK Vi )T € RTP
. * _ T T T\T K+1
o Auto: 00 = (Hps, T1Y0. 1> - - - ,TKyaK) e RE+Lp
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Irrepresentability conditions (oitier and v., Biometrika, 2017)
o A priori: 0] = (H:T,TlY:.:I;,. . ,TKY:E’;{)T c REP,
o Oracle: 0. = (Wi, nvily, . eyl )T € RFP
o Auto: 05 = (url,uvel, TV KT € R(K+1)p
o supp(0;) = Jr and supp(05) = Jo

& S =0 BL,; A0, Tp={(kj) € (K] x [p]: B, # B )
© 6., , =05, and s0 Xp-y,. = Xoy,
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Irrepresentability conditions (oitier and v., Biometrika, 2017)
o Apriori: 0 = (upT,1y;h, ., taYE )T € RFP.
o Oracle: 0. = (Wi, nvily, . eyl )T € RFP
o Auto: 05 =(uiT,mved, . kv T e RIETP
o supp(0;) = Jr and supp(05) = Jo
& Sp={j: Br.; 7 0}, Tr ={(k,5) € [K] x [p]: B}, # B;ﬁ],j}
o GLJT* = GSJO and so X+ . = Xoy,

(IC)'I’ : Amin(:xgj,,er,,) P C’r >0 et

Cr = ;Iéajx H(DCZerrJrrleererl <1,

(IC)o: Amin(Xgs,Xos) = Co >0 et

Co = max 103 7, X000) X5 7, Xosll1 < 1.
J%Jo
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o GLJT* =0, and s0 Xp+ . = Xoy,

(IC)T : Amin(:xgj,,er,,) P C’r >0 et

Cr = ;Iéajx ‘|(x1TerrJrrlx1Ter1’j||l <1

(IC)o: Amin(Xgs,Xos) = Co >0 et

Co = max 103 7, X000) X5 7, Xosll1 < 1.
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The particular case where ny = n/K and (X®)"X*))/n;, = I,

o Sp={7:B7 ; #0) Tr ={(k,7) € [K] x [p]: B} ; # By, ;}
o Do =maxjgs, k€ [K]: B} ; # Bjj’].}| (or 0)
o D, 1 =maxjeg, [k € [K]: [3;;)]- =% Btj)j}l (or —o0)
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The particular case where n; = n/K and (X(’C)TX““))/WC =1,

©

S =0t By, #0h Tr={(k,j) € [K] x [p): B, # BE )
Dy o =max,gg l{k € [K]: BZ,J‘ + BZ,]‘H (or 0)
D, = maxes, [k € [K]: 7, # BL )| (or —o)

Let 15, = 19K /2 for some Ty > 0,

©

(]

©

K1/2 Kl/Z
1C), : 0 ——F—< < :
(sIC)y K —2D,, To Dro
K1/2 K1/2
IC)o : 0 ——m— .
(o1C0e K—2D,, " Dpg

23/32



Introduction Data Shared Lasso Applications Conclusion
00000 000 fole} o
0000000000 00000 00000

The particular case where n; = n/K and (X(’C)TX““))/WC =1,

©

S =0t By, #0h Tr={(k,j) € [K] x [p): B, # BE )
Dy o =max,gg l{k € [K]: BZ,J‘ + BZ,]‘H (or 0)
D, = maxes, [k € [K]: 7, # BL )| (or —o)

Let 15, = 19K /2 for some Ty > 0,

©

(]

©

K1/2 Kl/Z
1C), : 0 <1< :
(sIC)y K —2D,, 0 Dro
K1/2 K1/2
IC)o : 0 ——m— .
(sIC)o K — 2Dy, <To < Do
o
Q
Q
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Theorem 1 (Ollier and V., Biometrika, 2017)

(k)

Q  Assume that 5

i.1.d. centered sub-Gaussian variables with parameter o > 0.

Q  Under (sIC)g, introduce:

K1/24+D
y:min{lf‘DoToKfl/z,lfﬁ

(K —Di)7o
1 2 4D
. —2 —2 —2 1

Cmin = min (1‘10 ) [(TO +1)7{(T0 71) +’%7}:|>
1/2
2 202 log{ p}
— —1/2
Bemin = AL [(ISpx | + | Tpu N1/ 20t + 400/ 2,

Kl/2p_ .
Q  Assume that 1B ]I > Bmin and ”5;_7 —ﬁ:*J _,,‘ #mm'
o ) )

Then, with high probability,
o Sy« and T,- are both recovered;

o ||90J0 - GSJOHOO < Bmin-
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Simulations in the Linear regression case

o K =20;x" ~N(0,,x).
o Py C [p], with [Po| = 15

0 Vi € [pI\ Po

Br, =1 1 jEP & k>dy
1+K1/2 jEPo&kgdH

o Accuracy regarding:
o Tp, ={lkj) € [K] x Po: B}, # B ;}
o Tjp ={(k,j) € [K] x Po: B}, #Bi,}

Conclusion
o

25 /32



Introduction Data Shared Lasso Applications Conclusion
00000 000 oe o
0000000000 00000 00000
dy=1 dy=3 dy=6 dy=9
1.00 *QHS . . .
0.75- _— °
0.50- | Bl |
’ N
0.25- o
l.OO'ﬁ
0.751 ——— 5
4___*
0.50- -
0.25- 3
1.00 a— A =
0.75+" R R T S—— ©
0.50- . : o
0.25+ 8

25 50 75 100 25 50 75 100 25 50 75 100 25 50 75 100

N

~— OReflLasso #+ AutoRefLasso

RefLasso + CliqueFused
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Sparse multinomial Liogistic regression (gatiout, Garcia and V., submitted)

o In unmatched designs, if
o Y =0: control [“natural” reference category|

o Y =k: case of subtype k, k=1,..., K
o no natural order among the subtypes.

= Sparse multinomial logistic regression is a natural extension of
sparse (binary) logistic regression.

Conclusion
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Sparse multinomial Liogistic regression (gatiout, Garcia and V., submitted)

o In unmatched designs, if
o Y =0: control [“natural” reference category|
o Y =k: case of subtype k, k=1,..., K
o no natural order among the subtypes.

= Sparse multinomial logistic regression is a natural extension of
sparse (binary) logistic regression.

o Two formulations exist. No clear guidance in the literature on
which one to chose in practice.
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Two formulations

@ Select a reference category (say 0) and then assume the existence
of K parameter vectors vj,...,Yx € IR? s.t.

{exp(xT87)}1((#0)
1+ Zle exp(xT8%)

P(Y = {x) =
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Two formulations

@ Select a reference category (say 0) and then assume the existence
of K parameter vectors vj,...,Yx € IR? s.t.

{exp(x T 87)}1(¢70)
1+ Y 5, exp(x76;)

P(Y = {)x) =

SparseMultinomialRef0 maximizes

K
1LCY1)--->‘Y}()'_'A ZE: HW’kHl'
k=1
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Two formulations

@ Select a reference category (say 0) and then assume the existence
of K parameter vectors vj,...,Yx € IR? s.t.

{exp(xT87))1t#0)
1+ Zle exp(xT8%)

P(Y ={x) =
@ Use a symmetric over-parametrization instead: assume the
existence of K + 1 vectors (Bg,...,B%} st

T @ *
P(Y = {x) = KeXp(X B;) —
2 r—oexp(xTBE)

(8% = Bx — Bo)
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Two formulations

@ Select a reference category (say 0) and then assume the existence
of K parameter vectors vi,..., v} € IR? s.t.

(exp(x” 8))117

P(Y = {x) = = .
14+ ) . exp(xT8%)

@ Use a symmetric over-parametrization instead: assume the
existence of K + 1 vectors (Bg,...,B%} s.t.

T @ *
P(Y = fx) = ;Xp(x Be) _
> ko exp(xTB%)
(8% = Bk — Bo)

glmnet maximizes

K
L(BoyBry-- Bx) =AY Bl
k=0
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Link between the two formulations

o Data Shared Version of MultinomRefO:
o write 8 = n+ v,
o and maximize

K
Lip+vy,- o+ ve) = Al =2 [kl
k=1
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Link between the two formulations

o Data Shared Version of MultinomRefO:

o write 8y = U+ vy
o and maximize

K
L(U+Y1>---)U+YK) —7\||HH1 _)\Z ”qul
k=1

= L(BoyBry---»Bx) —AD_|IBells

k>0

Conclusion
o
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Link between the two formulations

o Data Shared Version of MultinomRefO:

o write 8; = nu+yy
o and maximize

L(p+v1,- o+ vr) — Allufs —AZ sl

—L(BO)BD---)BK )\ZHBkHl

k>0
o glmnet returns ( Bo» El,. ey [3 k), which is exactly the estimates

(=1, Y1, .., Yx) we would obtain by performing MultinomRef0
with Data Shared lasso
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Link between the two formulations

o Data Shared Version of MultinomRefO:

o write 8 = pH+ v,
o and maximize

K
Lip+v1y. - m+Yr) = Alulli =AY il
k=1

= L(Boy By Br) —AY_ 1Bl

k>0

Conclusion
o

o glmnet returns ( Bo» El,. . ﬁ %), which is exactly the estimates
(=1, Y1, .., Yx) we would obtain by performing MultinomRef0

with Data Shared lasso

= The symmetric formulation (glmnet) encourages homogeneity
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Symmetric formulation Standard formulation Decomposition targeted by
with 8 = B — Bo MultinomDataSharedRef
Y1 oo o Vi
=p+0=p
0 with 85 = B — B
(‘V/h
\ 8o 82 - Ok Yo Y2 - Yk
=
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A simple example in the homogenous case: B; =0, ] =... =Bx #0

o We make A vary and compute, for each value
o Accuracy : accuracy in the identification of null/non-null entries in
o Rand Index : ~ accuracy in the identification of groups of disease
subtypes for which any one given metabolite shows the same level
of association.

MultinomSparseRef (Ref=K) MultinomSparseRef (Ref=1) MultinomSparseSym
1.00- o, . o« o e e o @ . . . L I
. L4 .
5 5
0.75- . 4 .
x . .
3 5 . .
£ 050 . - :
5 Y .
4 * - s
0.25- . . o
. )\ W8
5 - >
0.00- eme o0 o © ° L
05 06 07 08 09 10 05 06 07 08 09 10 05 06 07 08 09 10
Accuracy
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Conclusion/Discussion

o Data Shared Lasso has some nice properties

o easy to implement, under a variety of models (~ Lasso with

interaction terms)

o =~ Oracle RefLasso regarding theoretical properties

o ~ A priori RefLasso regarding implementation

Conclusion
L]

o can partially describe the structure of the effects in situations

where CliqueFused may fail to fully describe it.

= Nice alternative/complement to “A priori RefL.asso”

o Provides insights into the sparse multinomial regression models



CliqueFused

o Penalized criterion:

1Y —Xb|j3
2n
+ A1]|bl[1 + Az Z |bj, — b

J1~J2

International Agency for Research on Cancer
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CliqueFused

o Penalized criterion:

1Y —Xb|j3
2n
+Arlblls+ A2 ) [by, — byl

J1~J2

Applications
00
00000

Zj,k>kll |Bka] - Bk,)]|

Conclusion

o

Alcool

Gene

Tabac
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Adaptive Clique Fused (v. et a1, stat. comp., 2016)

2 keskr Ve By —

Tabac

International Agency for Research on Cancer
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Adaptive Clique Fused

Zj,k>k’ |Bk,j - Bk',j|
Alcool
Ié Tabac
Gene

Og‘@

Applications Conclusion
00 o
00000

Corollaire 1
If , and under some
reqularity conditions,
@ IP(structure identified, for
all 7) — 1;
o \/_ bad b*
N(0s,, G2CA1).
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Adaptive Clique Fused
D kok 1Bk, — Br 5l
Alcool
Ié Tabac
Gene

Og‘@

Applications Conclusion
[e]e] o]
00000

Corollaire 1

If , and under some

reqularity conditions,
@ IP(structure identified, for

all ) — 1;
o \/“ l)ad *
N(OSO,Gzcﬂl).

o If ng > p, Adaptive Clique
Fused ok
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Pénalités classiques en apprentissage multi-tache
o (sparse) GroupLasso : soit B’ = (B1,5y---»BK,;), et

pen(Bl) O BK) = Z Hf’(j)HQ
J

o Nuclear(Trace)-Norm (~ reduced-rank regression). Soit B la
matrice de dimension (p, K) avec (B)g ; = Bg,;, et

pen(By, ..., Bx) = tr(VBTB).
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Pénalités classiques en apprentissage multi-tache

o (sparse) GroupLasso : soit B’ = (B1,5y---»BK,;), et

pen(ﬁl) O BK) = Z Hf’(j)HQ
J

Conclusion
o

o Nuclear(Trace)-Norm (~ reduced-rank regression). Soit B la

matrice de dimension (p, K) avec (B)g ; = Bg,;, et

pen(By, ..., Bx) = tr(VBTB).

= Ok pour prédiction, mais pas adaptées a notre objectif

d’identification des partitions (structure des effets) pour chaque

covariable
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o Soit }"(Lk) = X;k&) ol P,(nk) ={jelpl:k#mr}
o Soit alors la matrice de taille n x Kp :

X(l) Xél)/’fl R 0
Xr = : : . :
XE o %) g
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o Soit Xﬁf” = Xijl) ol P,(.k) ={jelpl:k#mr}

o Soit alors la matrice de taille n x Kp :
& (1
xW XM 0
Xp = : : R :
& (K
X (K) 0 LX)
de maniére équivalente, on peut minimiser en 0, € RX?,
1Y X0, 3+ M0,
2 rYr|2 1{|Yril1l
qui retourne un estimateur de
0; = (upT vy, .ty )T € RFP

avec v L= (BE=my) oo
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